Real Equivariant Bordism for elementary abelian 2-groups 
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We give a description of real equivariant bordism for the group G = Z/2 x • • • x 
Z/2, which is similar to the description of complex equivariant bordism for the 
group 5' X • ■ • X 5' given by Hanke in [11, Theorem 1]. 
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1 Introduction 

Non-equivariantly, the Pontryagin-Thom construction (see the classical paper by Thom 
[24]) yields an isomorphism between (non-equivariant) real geometric bordism 5^1* and 
the groups MO^ associated to the (non-equivariant) Thom spectrum. For a compact 
Lie group G , Conner and Floyd defined equivariant real geometric bordism (see 
[3, Section 19]). The study of an equivariant analogue of the Thom spectrum and 
groups associated to it leads to the definition of equivariant homotopic bordism MO^. 
It's possible to define a Pontryagin-Thom map between these groups, but this fails to 
be an isomorphism if G is a non-trivial group due to a lack of equivariant transversality. 
It it not known, whether the equivariant Pontryagin-Thom map is a monomorphism 
for all groups; however for G = Z/2 x • • • x Z/2, injectivity was shown by tom Dieck, 
see [7, Theorem 1]. 

Sinha investigates 51* and describes it as a subring of Mof generated by certain el- 
ements that are images of geometric bordism classes under the equivariant Pontryagin- 
Thom map, see [21]. He also describes the quotient 91^, -module MO J /9T* 
which can be interpreted as transversality obstructions. Instead of the group Z/2, 
which Sinha considers, we look more generally at real equivariant bordism for groups 
of the form Z/2 x ••• x Z/2. Our main result is the following: 

Theorem 3.18 For G = Z/2 x • • • x Z/2, there is a puUback square 

MO'i >MOAev,ey\Yd.y^ 
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with all maps injective, for ceitain indeterminates ey,ey and Y^j y, where V runs 
through a complete set J of representatives of isomorphism classes of non-trivial 
irreducible representations of G and d > I. 

This theorem is an analogue of a result in complex equivariant bordism for G = 
X • • • X proved by Hanke, see [11, Theorem 1]. In our proof we follows 
Hanke's argument closely and use the same techniques, most of which have already 
been employed in this context in a paper by Sinha, see [20]. The methods of proof 
include the use of families of subgroups and the analysis of normal data around fixed 
sets. Some considerations become easier in view of the fact that we are considering 
a finite group, instead of the compact, but infinite, group 5* x • • • x 5^ In order to 
define homotopic equivariant bordism, we use, but don't discuss in much detail, the 
notion of complete G-universes and equivariant homotopy and homology theory and 
give detailed references instead. 

In the next section, we review real equivariant bordism and its basic properties. Section 
3 is occupied with the proof of Theorem 3.18, carefully defining all necessary maps 
first. Our article is based on [10] and we strive to give elaborate definitions and proofs. 
However when a result can be found already well-documented in the literature, we 
refer the reader to it. 
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2 Real equivariant bordism 

2.1 Geometric real equivariant bordism 

Let G be a compact Lie group. Let's recall the basic notions of geometric real 
equivariant bordism, which was described in depth first by Conner and Floyd, see [3] 
and [2]. 

All manifolds we consider in connection with bordism groups of any kind are assumed 
to be smooth and compact. Group actions on these manifolds are required to be 
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smooth. A singular G-manifold over a pair of G-spaces {X,A) is a G-manifold M 
with (possibly empty) boundary together with a G-equivariant map 

/: {M,dM)^{X,A)- 

Two singular ^-dimensional G-manifolds, (Mi,/i) and (M2,/2), over {X,A) are bor- 
dant if there is a (n + 1) -dimensional G-manifold W with two G-submanifolds of 
codimension \, d^W and d{W , and a G-equivariant map 

such that dW is G-diffeomorphic to SqW^USi W, doW is G-diffeomorphic to Mi 
with =/i II /i and ddoW = 5oW n 9iW = dd\W . This gives an equivalence 

relation on singular G-manifolds over a pair of G-spaces {X,A). By ^,^(X,A) we 
denote the set of such bordism classes. If A is empty we shorten ^^Ij^ (X, 0) to 5^1^ (X) 
and if X is a point, we shorten 9T^(pt) to OT^. The direct sum over all dimensions 
(X, A) is called the real equivariant bordism module. Addition is induced by taking 
the disjoint union on representative and the OTjf-module structure is induced by taking 
the product of representatives. As in the non-equivariant case (compare [3, Section 5]), 
9TJ(— , — ) gives a Z-graded equivariant homology theory, with long exact sequence 

y m^M) ^y^nix) ^^{x,A) ^y^n-M) — > • • • • 

2.2 nomotopic real equivariant bordism 

In this section we restrict ourselves to a finite abelian group G for simplicity. Many 
of the constructions can be carried out for arbitrary compact Lie groups. A real G- 
representation is a finite-dimensional real inner product space V together with a smooth 
action of G on V through linear isometrics. We denote the trivial ^-dimensional 
representation, i.e. M" with trivial G-action, by n. Let |y| denote the dimension of 
a representation V and its one-point compactification. Let / be a complete set of 
representatives of equivalence classes of non-trivial iiTcducible representations of G. 
Notice that j7| = jG| — I and that there is an isomorphism 

^= 1 ©0V 

where R denotes the regular representation. For the basic notions of representations 
of finite abelian groups see for example [19, Sections 1.2 and 3.1]. A complete G- 
universe in the sense of [14, Chapter IX, Section 2] can be given by the countable direct 
sum 

U :=R®°°. 
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Finite G-subspaces of U will be called indexing spaces. By BO^{n) we denote the 
Grassmannian of n-dimensional subspaces of Z^. For the trivial group {e] a complete 
{e}-universe is given by ]R®°° and BO^^^{n) is also denoted by BO{n). Generally, 
BO'^{n) is a classifying space for « -dimensional real G-vector bundles, compare [9, 
Chapter I, Section 9]. Let be the tautological bundle over BO^(n) and 7(4^) be 
its Thom space. For two indexing spaces V and W, such that V C W, we denote 
the orthogonal complement of V in by W — V. Let vr be the product G-vector 
bundle with fiber W — V. The classification of the product bundle vr x yields a 
G-equivariant map 

by passing to Thom spaces. 

For n >0, the homotopic equivariant real bordism groups are defined in non-negative 
degrees as 

MO^ := colim[5^®^ T{i?^()f = colim[5^, m%,)f 

nCZ 

and in negative degrees as 

MO^„:=colim[5^,r(f^l+„)]G. 

Here [— , — J*^ denotes G-homotopy classes of G-equivariant maps, and the structure 
of an abelian group can be given to the colimit by using the group structures of 
homotopy classes of maps from for representations W containing copies of the 
trivial representation. For V (ZW , the map in the colimit is obtained by smashing with 
^w-v ^j^j j-j^gj^ composing with the map cry^w (or with the map av(Sn,w®n in case of 
negative degrees respectively). 

We can view an indexing space V as a |V| -dimensional G-vector bundle over a point. 
Classifying this bundle and passing to Thom spaces gives a map 5^ T{^\y\). If we 
precompose with the inclusion 5° — > 5^, which is induced by the zero map ^ V , 
we obtain an element ey € MO'^^y^ , which is called the Euler class of V. 

2.3 Equivariant spectra and (co)homology theories 

A more conceptual approach to homotopic real equivariant bordism is via equivariant 
spectra. We refer the reader to [14, Chapters XII and XIII] and [13, Chapters I, II 
and X] for the definition of 7?C?(G) -graded equivariant (ring) (pre)spectra indexed 
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on a complete G -universe and /?0(G) -graded (co)homology theories and sketch the 
structures relevant to us. 

Thom spaces of appropriate Grassmannians and suspension maps described in the 
previous section constitute an equivaiiant prespectrum indexed on the universe U. The 
spectrification of this prespectrum is called real equivariant Thom spectrum MO^ and 
yields an /?C?(G) -graded homology theory associated to it, which is called homotopic 
real equivariant bordism. It turns out that it's sufficient to consider integer gradings 
instead of RO(G), in view of periodicity isomorphisms (see [14, Chapter XV, Section 
2, p. 157]). This leads to the ad hoc definition of homotopic real equivariant bordism 
we have given above. 

2.4 The equivariant Pontryagin-Thom map 

We give a short description of the Pontryagin-Thom map. For every ^ € N we construct 
a map PT : — > MOf as follows. Given an element [M] in represented by a 
^-dimensional G-manifold M, choose a G -representation Z, and an embedding of 
M in Z. (The fact that this is possible is the Mostow-Palais theorem, see [15] and [17]. 
A proof is also given by Wasserman [25, § 1]). A tubular neighborhood N of the image 
of M in Z is diffeomorphic to the total space Eiu) of the normal bundle v ; compare 
[3, Chapter 3, Section 22]. We define a map 

t: Tu 

by sending A'^, viewed as a subset of S^, to E{v) viewed as a subset of Tu via the 
diffeomorphism and send everything else, that is 5^ — A'^, to the base point of Tv. The 
classification of the normal bundle gives a map Tf-.Tu^ -^(?[z|-/t-* passing to 
Thom spaces and hence we get a homotopy class [Tf o t] £ [S^, r(^^| _^,)]*^, which 

represents an element in the colimit MOf . This element is defined to be PT([M]). This 
generalization of the classical Pontryagin-Thom construction is due to tom Dieck, [7, 
§ 1]. Also compare [1, §3] and [11, p. 681]. 

Theorem 2.1 The above construction is well defined and a group homomorphism. It 
induces a ring homomorptiism and a homomorphism of -modules 

PT: m'^^MO'^. 

Furthermore the construction induces a natural transformation of Z -graded equivariant 
homology theories PT: 9a^(-) M0%-). 
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One major ingredient for the proof of Theorem 3.18 is the observation that the equiv- 
ariant Pontryagin-Thom map is injective for certain groups. For a pair of G-spaces 
(X, A) with "good local properties", i.e. such that excision can be applied, the following 
has been shown by tom Dieck. 

Theorem 2.2 (see [7, Theorem 2]) For G = Z/2 x • • • x Z/2, the Pontryagin-Thom 
map PT: dV^{X,A) MO^{X,A) is a monomorphism. 

For non-trivial G it can be seen that the Euler classes ey for G -representations V 
without trivial summand are non-trivial elements in MO'^^y^, see [14, Chapter XV, 
Lemma 3.1]. Hence the Pontryagin-Thom map is not surjective, since it's a graded 
map and has no elements of negative degree by definition. 

2.5 Families of subgroups 

It's useful to consider geometric bordism groups with restricted isotropy. We review 
concepts of [4, Sections 5 and 6] and [14, Chapter XV, Section 3]. All subgroups 
considered in this section are required to be closed. A family of subgroups T of G 
is a set of subgroups of G that is closed under conjugation and closed under taking 
subgroups. The family of all subgroups in G is 

A := {H C G\H closed subgroup in G} 
and the family of all proper subgroups in G is 

V := {H C G\H ^ G closed subgroup in G}. 

Let T' C T he a. pair of families of subgroups of G. An -manifold is defined to be 
a G-manifold M such that all isotropy groups of M are in and an (T, T')-manifold 
is an J^-manifold such that dM is an J"' -manifold. With suitable bordisms we then 
define groups '^^{F, J^'] of bordism classes of (J^, J'O-manifolds. To define a similar 
concept in homotopic bordism, we consider certain types of universal spaces. Let F be 
a family of subgroups. There is a space EF called a universal T -space of G, which is 
unique up to G-homotopy, with the following properties: (ET)^ is (non-equivariantly) 
contractible for H G T and it's empty for H ^ T. Given an /"-manifold M, there 
is one and, up to homotopy, only one G-equivariant map M ET . For more on 
this space see [8, Satz 1], [9, Chapter I, Theorem (6.6)] and [14, p. 45]. With these 
universal /"-spaces we make the following identification: 

"^IVT.T'A^^liET.ET'). 



Real Equivariant Bordism for elementary abelian 2-groups 



7 



This leads to the the definition 

MO'^IT, J-'] := MO'iiEF, EF'). 
The long exact sequence of the pair {EF, EF') for , — ) gives 

> 9Tf [7-'] ^ ^ F'] ^ OT^^ [J"'] 

We call this the Conner-Floyd exact sequence and it has a geometric interpretation: 
The map d is actually induced by taking boundaries of singular {F, /"O-rnanifolds. 
For real homotopical equivariant bordism MC?^(— ) we call the corresponding long 
exact sequence the torn Dieck exact sequence: 

>MO^{F'^ -^MO^VF] -J^MO'iVF^F'] -^MO'i_,{F'] > ■■■ . 

3 The case G = Z/2 x • • • x Z/2 

From now on we set G = (Z/2)' for some I > and fix a complete set / of 
representatives of isomorphism classes of non-trivial irreducible G-representations. 

3.1 Map from homotopic bordism 

First we define certain indexing tools. The free abelian group can be considered to 
be an additive subgroup of the real representation ring RO{G) . We set 

AO^{G) := ZVLJl 

This is a graded ring; the grading is induced by the virtual dimension of elements in 
Z7 C RO{G) . We have an isomorphism 

AO.{G)^Z[ev,ey\^j, 

for indeterminates ey of degree —\V\ and gy' of degree \V\ with the obvious relations. 
It is induced by 

Compare the analogous complex definitions in [11, p.683]. 
Let's consider the fixed set of the equivariant Thom space. 



8 



Moritz Firsching 



Lemma 3.1 (compare [20, Proposition 4.7] and [5, Lemma 2.1]) We have the fol- 
lowing homotopy equivalence: 

im^)f ^ V ^( ^ ( n BOiMW)) 

WeRO+iG) \VGJ 
\W\=n 

where RO^{G) is a set of G -representations, containing one from every isomorphism 
class. It can be viewed as a subset of RO(G) . The number of times V appears as a 
direct summand of W is denoted by uyiW). 




Proof The space {BO^{n))^ classifies n-dimensional G -vector bundles E over abase 
space X with trivial G-action. Such an E decomposes into V-isotypical subbundles 
as follows: 

E^ Ev^rV. 
veju{\} 

This is a well-known result; Segal gives a proof in [18, Proposition 2], and for G a 
finite group Oliver [16, Appendix] also gives a proof. The base X decomposes into a 
disjoint union of subspaces Xw over which E has constant fiber W. The restriction of 
E to Xw is classified by a map to 

Yl BOiMW)) = BO{\W^\) X Jl BOiMW)), 

veju{i} vej 

where the map to the factor BO{iyv{W)) is a classifying map of Ey. The universal 
bundle over this space is the product ^\wa\ x ^, where Ciw^] is the | IV*^ | -dimensional 
universal bundle and ^ is a G-vector bundle without trivial direct summand in the 
fiber, so E(^)^ is the zero section ]^yg^SC?(z^y(W)). Taking all these classifying 
spaces together we get 

(BO%)f ~ H ( B0( I I ) X J] S(9(i/v( W)) J 

WeRO+(G) \ VGJ ) 

and passing to Thom spaces gives 

WGRO+(G) Vvej / ^ 

\W\=n 



□ 
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We want to define a ring liomomorpliism (pMO '■ MO^ MO^iey, ey^ , Yy^d] and start 
with a map which is essentially restriction to fixed sets. To be more precise, we pass 
from the Thom spectrum MO^ to its geometric fixed sets spectrum ^^MO^ . For 
detailed definitions see [14, Chapter XVI, Section 3] (also compare [13, Chapter II §9 
and Chapter I §3] and [20, Definition 4.3]). 

We consider the classifying space BO{n) and define 

BO := colimBO(«). 

n 

The space BO canies an //-space structure that arises from classifying the product of 
bundles. We set 

Compare [5, §2] for the complex analogue BU ; notice that since G is finite, we don't 
need to consider a proper subset of BO^^''^ . 

Proposition 3.2 (compare [20, Theorem 4.9]) There is an equivalence of ring spectra 

<^Gj^qG ^ j^^^^^ AMOAB+ 

W&RO{G) 

\w\=o 

Here S^^'^^ denotes a suspended sphere spectrum and \W'^\ denotes the (possibly 
negative) virtual dimension of W'^ — W"^ if W is represented by W' — W" . Note that 
Iro(G) carries the structure of a ring spectrum induced by the isomorphism 

5iw°l ^ ^\(w®vf\ 

for elements W, V G RO{G), \W\ = \V\=0. 

The proof of the analogous complex case [20, Theorem 4.9] can be translated word- 
by-word; the essential ingredient is the description of the equivariant Thom space of 
Lemma 3.1. 

Proposition 3.3 (compare [1 1, p. 684]) There is an isomorphism of graded rings 
ihoiG) /\MOA B+), -^—^ MO^iB) ® AO^iG) . 



with 

Iro(G) 
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Proof The spectrum Iro{G) A MO A can be viewed as a wedge of suspended 
copies of MO A . For such a copy indexed by an element W — U ^ RO{G) of 
virtual dimension zero with W = ® (W*^)-^ and U = ® {U^)^ we identify 
(^^{W~uf /^^MOAB+)^ with 

MO^(B) ^wO)X • e~Jo)±) C MO^{B)0AO^{G). 
This induces the desired isomorphism. □ 

Proposition 3.4 (compai^e [20, Theorem 4.10]) There is an isomorphism of graded 
rings 

MO^{B)®AO^{G) ^ MOAev,ey\Yd,v\ 
where V runs through J and d > I. Here the degree of the ey 's is 1 , the degree of the 
Cy^ 's is —1 and the degree of the Y^^v 's is d. 

Proof Since J is finite we have the isomorphism of the Kiinneth formula 

MO^{Y[bO) ^ (^MO.iBO). 

V€J MO, 

Conner and Floyd used the Atiyah-Hirzebruch spectral sequence to calculate M0^{—), 
see [3, Theorem 8.3, Theorem 17.1]. For MO^{BO) we obtain 

MO^iBO) ^ MOMi]i<i, 
where each generator Xt has degree /, (compare [12, Propositions 2.3.7 and 2.4.3]). 

V Wej 



With the identification AO*(G) = 1j[ev, ey^]y^f we get an isomorphism 
MO*(S) ^ AO^iG) ^ MOdev,ev\Xiv], 



^MOdev,ev\X^^\vlvev ] 



ve/,i+|v|<rf" 



Definition 3.5 For a G -representation V £ J and 1 + |y| < <i we set 

Yd,v ■= Xj~\v\,v ■ ^v^- 
We identify Yd^v with the image of 

X,i_iv\(^ey^ £MOd^lv\(BO)®AOiv\iG) 
under the inclusion of BO as V-th factor in B viewed, via the isomorphism (*), 
as an element in MO*[ev, \x,\y]. Notice that Yd^v is defined in such a way that 
its dimension is d, and that all representations in / have dimension one. With this 
definition we get the desired isomorphism 

MO,(fi) AO*(G) ^ MO,[ev,ey\Yd,v]vejd:,v 

□ 
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Definition 3.6 We combine the results of Propositions 3.2 to 3.4 to define a map 



as follows: 



MO^ j^^trMo^ ^ ^G^^G ; (/«o(G) A MO A 

to fixed sets Proposition 3.2 ^ ' 



Prr»r\ricitir\n ^ A v ) 



Proposition 3.3 Proposition 3.4 

where the first map is given by restriction to fixed points. Not including the last 
isomorphism we get a map 

4>M0 ■■ MO^ MO^{B)(^AO^{G). 



3.2 Localization 



The reason for naming the indeterminates ey is explained in the lemma below, which 
can be proved by chasing through the definition of the map 0mo and the Euler classes 

ey. 

Lemma 3.7 (compare [11, p. 685]) For a non-trivial irreducible representation V 
and the corresponding Euler class ey G MO^ we have 

(pMoi£v) = ev e MO^[ey,ey\Yd,v]. 
Notice that (pMoi^v) is invertible in MO.^[ey, ey^ , Y^^v] ■ 

We give an alternative description of (f)Mo ■ The key steps are the following two results 
by tom Dieck. Also compare the complex version of the following proposition [20, 
Corollary 5.2]. 

Proposition 3.8 (see [7, Theorem 1(b)]) Let S be the set of Euler classes of non- 
trivial irreducible representations in MO^ . Then the localization map into the ring of 
quotients A: MOj S~^MO'^ is injective. 

The map 4'mo sends all elements of S to units, since the image (/>mo(£v) = of an 
Euler class ey is a unit in MO^,[ey,ey^ , Y^^y] by Lemma 3.7. Hence the universal 
property of localization gives rise to a unique map 

l>MO : S~^MO^ MO^B) (^AO^{B) 

such that o A = 0mo- We cite the following result without proof. 
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Proposition 3.9 (see [7, p. 217] and [6, Hilfssatz 2]) The map 
is an isomorphism. 



Complex versions of the propositions are [5, Theorem 3.1] and [20, Corollary 4.15]. 
For G = Z/2 the coiTesponding statement is [21, Corollary 3.19]. Fitting it all 
together and composing with the isomorphism of Proposition 3.4 gives the following 
commutative diagram: 



MO? 



4'MO 



A 



4>M0 

M0*(B)»A(9,(G) 

Proposition 3.4 ^ 




*M0 



Corollary 3.10 We have o A = (pMO and (pMO is a monomoq)hism. 



3.3 IVIap from geometric bordism 



Next we want to construct a map 

See [11, Proposition 3] for the analogous construction in the complex case. Let M" 
be a manifold representing an element [M] € 91^ and let F C be a connected 
component of the fixed set of M. Then F is embedded in M. The normal bundle Vp 
of F in M is a real G-vector bundle of dimension m and only the zero vector is fixed 
by the G-action on each fiber. This bundle decomposes as follows: 

W 
k=i 

for real vector bundles and in^educible G -representations Vt- Notice that for the 
groups we consider |/[ = 2' — 1. Define 

bF-bp^^ (e-l^'l G MOn-m(B)0AO,n{G), 
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where bf € MO„^,n{B) is represented by a map F ^ B with V^-th component the 
classifying map for E^- Altogether we get the following map: 

: 01^ ^ MO^{B) ® AO^{G) 

[M] ^ ^ Z7f G (M(S) (g) AO(G))„. 

Compare tom Dieck's description of the map in [7, Section 5]. Composing with 
the isomorphism of Proposition 3.4 we get a map (f)<)\: — )■ MO^:[ev,ey^ , Yd^v] 
and, as we will show next, its image is contained in MO^,[ey^ , Y^^v]- The element 
bf € MO„_k{B) is represented by a map F BO{\Ei |) x • • • x BO{\E\j^ |), so bp hes 
in 

|J| l<k<\J\ 

M0,(]\B0(\Eu\))^ (g) MO*(BC»(l£i.|)) 

/t=l MO, 

i<jt<|y| i<'t<|7| 
= (g) MOAXu...,X\E,\\ C (g) MOJXrf,yJ^>o. 

MO, MO, 

In fact every element in MO^{BO{\Ek\)) can be written as a sum of monomials with at 
most \E]f \ factors X^^Vj- (Compare the classical calculations in [3, Theorem 8.3] and [12, 
Propositions 2.4.3 and 2.3.7].) By definition of the F^/.^'s we have X^/ y = Fj^_|y| ygy 
and this asserts that ey^ appears at most \E]i\ times as factor in bp and hence appears 
in non-negative degree (i.e. with non-positive exponent) in bp. It follows that the sum 
bp lies in MC?*[ey Frf,y] and hence so does (t)'^{[M]). 

Next we show how (pMO corresponds to ^f)^ . 

Definition 3.11 (compare [5, p. 354]) The inverse of the //-space B structure 
gives a map — ~' : B ^ B. This induces a map v: MO^{B) MO^{B), which 
has order 2. Together with the isomorphism of Proposition 3.4, v induces a map 
i: MC?*[ey,ey^, Fd_y] — ^ MO^[ev,ey^ ^ Fc/ y], such that the following diagram com- 
mutes: 

MO^{B) ® AO{G) MOdev, eyK Yd,v] 

MO^{B) ®AO{G)^^MOAev,ey\Yd,vl 

Remark 3.12 Notice for the complex analogue of our Lemma 3.7, namely the state- 
ment 

iO(l)MUO ^{[P{C^ ® V)]) = Fy,rf + eyi, 
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in the notation used there [11, p. 685], an analogous map l is used. However, since 

{v id)(l (g) ev) = (g) ey = 1 ® ey, 
we have l o (pMoi^v) = ey = (pMoi^v)- (In general l o (^^q / (pMO-) 



Lemma 3.13 The following diagram commutes: 



PT 



■MO^(B)0AO^{G) 

f®id 



MO^ MO^(B) (g) AO^(G). 



A detailed proof of the analogous complex result that translates immediately to the real 
case is given by tom Dieck [5, Proposition 4.1]. 



3.4 Bordism with respect to families of subgroups 

Proposition 3.14 (compare [11, Proposition 4]) There is an isomorphism 

Koi: m':[A,V]^MOdev\Yd,v] 
such that the following diagram commutes: 

MOdev\Yd,v] 




9Tf [^] : > m^[A, V] 

The map jrjx comes from the Conner-Floyd exact sequence (see Section 2.5). 

Proof The isomorphism K<yi is constructed as follows. A manifold N that represents 
an element [A'^] G ^,?[w4, is bordant to every closed tubulai^ neighborhood of its 
fixed set M := A'^'^ , which lies in the interior of N , since there are no fixed points on the 
boundary. This can be seen by a straithening-the-angle argument and then giving the 
bordism explicitly as explained in [4, Lemma (5.2)]. From here one proceeds exactly 
as in the definition of the map cjifjx (see Section 3.3), which ensures the commutativity 
of the diagram immediately. To see that Kf)^ is an isomorphism we give an inverse 
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The element ey is sent to the class of the disc bundle of V viewed as a bundle over a 
point. Since V does not contain the trivial representation its unit disc bundle D(V) has 
boundary S{V) without fixed points. Then k<)j sends this bundle back to ' , since we 
have the decomposition M V — > * and the class of the map * BO(l) classifying 
M gives 1 G MO^iB), so 

K<ix{\V ^ *]) = 1 (g) f-^^l =ey\ 

On F^/ y the inverse is constructed as follows: Let E^_]^y]^ denote the line bun- 
dle representing the generator Xj„|y| (compare the proof of Proposition 3.4). Then 
K^{Yd^v) is defined to be the class of the disc bundle of Eii_\y\ ® V. As above we get 

«^^n([^f/-|V| ® ^]) = ^d~\V\ ® ey''"^'''' = ® ey^ = Frf,y. 

Now is defined by requiring it to be a homomorphism of 01* -modules. Cleaiiy 
is a right and a left inverse of K<yi. □ 

Proposition 3.15 (compare [11, Proposition 4]) There is an isomorphism 

KMO- MO':[A,V] -^MOAev,ey\Yd,v] 
such that the following diagram commutes: 

MO^[ev,ey\Y,i^v] 

^ ■ ^-^K-MO 

MOlVA^ : > MO'iVA, 

]M0 

The map Jmo comes from the tom Dieck exact sequence (see Section 2.5). 

Proof By definition MO^[A,V] is MO^{EA,EV). Let T.EV be the unreduced 
suspension of EV. We identify EV with ^ x EV C S£"P and denote the upper cone 
by C+EV := [\,l]xEV CI T.EV and the lower cone by C^EV := [0, f ] x EV. Then 
{EA,EV) ~ {C-EV,EV) and the inclusion {C~EV,EV) (S£P, C+EV) gives an 
isomorphism via excision: 

MO^{EA,EV) = MO'^i^EV, C^EV). 

To calculate MO'^i^EV, C+EV) = MO'^i^EV) we apply Lemma 4.2 of [20]: 

Lemma 3.16 Let Z be a G -complex such that ~ 5" and Z^ is contractible for 
any proper subgroup H CI G. For a finite G -complex X the restriction map 

(Map(X, Y A Z)f Map(X'^, (Y A Zf) = Map(X^, Y^) 

is a homotopy equivalence. 
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For the G-complex TiEV (compare Section 2.5) and any proper subgroup H C G, the 
space (HEV)^ is contractible by the construction of EV and furthermore 

{^EVf ~ 5°. 

Since is a finite G-complex, we obtain 

MO^i^EV) = cohm[S^, r(ef^|+„) A ^EVf 

^co]im[(5^)G,(r(ef^l^„))G] 

Combining this with the isomorphism ^"^MO^ = MO^[ev, ^ J'rf.y] of Propositions 
3.2 to 3.4, we get the desired isomorphism kmo- To show commutativity of the 
following diagram, we look at the definitions of (pMO and k,mo '■ 

MO^iEA) = MO^[A] = MO^ > <^>^M0^ 

j ^ 

MO^iEA, EV) > MO^(F,EV). 

Here the upper horizontal map is the first map in the definition of (j)Mo ; it's restriction 
to fixed sets. The vertical map j on the left hand side comes from the tom Dieck exact 
sequence. Let / represent an element in MO^ = MO^{EA), 

f: S"^ ^TOni^^^^^^)AEA. 

Restricting to fixed sets gives an element represented by 

On the other hand we see that 

j(f) € [5^, r(e„^+ny|) A EA/EVf = [(S'^f, (r(^,f+|^|) A (^EV)f] 

= [(5^f ,(r(e„^+i^i))^] 

gives the same element and the diagram commutes. Combining this with isomorphisms 
of Propositions 3.2 to 3.4 we get kmo °j = (f>MO- □ 

Proposition 3.17 (compare [11, Proposition 4]) The following diagram commutes: 

^^[A,V] >MOAev\Yd,v] 

vr[A,r] i 

MOf[A, V] ) MOAev, ey\ Y,,v] 
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This is essentially proved in the same way as Lemma 3.13. Notice that l corresponds 
to u there (see Definition 3.11). Given an element [N] in ^^[A, V] we construct the 
element / o k<)i{[N]) using the same notation as in the definition of K<yx. Then 

i o n<nm) = bM® • • • e^'''^ G M0n^k®A0k{G). 

On the other hand we choose an embedding N ^ U into a G -representation 

U = U^®^Vi 

and PT[^, V]{[N]) is then represented by a map 5^ T{^^^^_^^) AEV classifying the 
normal bundle of the embedding. Considering the map 

S Ti^\u\-k)) 

viewed as an element in cffiMO'^ we obtain the element kmo ° PT[^, V^iiN^). We 
examine the normal bundles of the embeddings 



N 




and get the desired conclusion l o kmo ° PT[^, T']i[N]) = i o K<yi{[N]). 



3.5 Statement and proof of main result 

Theorem 3.18 (compare [11, Theorem 1]) The following diagram commutes and is 
a pull-back with all maps injective: 

121 , MO, [ey\ Yd,v] 

PT i 

MO^ ^°<PM0 ^ ^^^^ ^_ 1 ^ Y^^^^ ^ 

Proof Putting together the exact sequence of the the pair of families of subgroups 
(A, V) (see Section 2.5), the natural transformation coming from the Pontryagin- 
Thom map (see Theorem 2.1) and commutative diagrams of Propositions 3.14, 3.17 
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and 3.15, we obtain the following commutative diagram with exact horizontal rows: 

MOn[ey\Ydy] 













\ 




]M0 



PT[-P] 



Using the isomorphisms K<yx and l o kmo to substitute PT[^, 7^] in the middle by the 
inclusion /, gives the following commutative diagram with short exact sequences as 
rows: 







■or?. 



4"yi 



^MOn[ey\Y,v] 



^yi^.m ^0 



PT 



PT[P] 



> MO^ > MOY,[_ev, ey , Yd,v] > MO^_^YP} > 0. 

The Pontryagin-Thom maps PT = PT[^] and PT[P] are injective by Section 2.4 and 
so is the inclusion in the middle. From that and the injectivity of t o (see Section 
3.2) the injectivity of (fxyx follows. (The injectivity of (fxyx can also be deduced from 
the injectivity of 7^! ; see Proposition 3.20). To prove the pullback property it suffices 
to show that an element x € im / n im i o (j)j^o comes from an element in , which 
is done by a diagram chase. □ 

We identify MOAev\Ydy} as a subring of MO^[ev, ey^ , via /. 

Corollary 3.19 (compai-e [11, Corollary 1]) The following isomorphism of MO^- 
algebras describes geometric equivariant bordism for G = Z/2 x ■ ■ ■ x Z/2: 

^rt? = i o ^Mo{MO':)nMOAey\Y,y]. 



3.6 Comparison with Sinha's results for G = Z/2 

Z/2 

The description of MO*' in [21, Theorem 2.4] is more explicit than ours in Theorem 
3. 18. In both cases Mof^^ is identified with a subring of MO^,[e(^, , Y^^^]. Here a 
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denotes the non-trivial one-dimensional real representation of Z/2. Also the descrip- 

Z/2 

tion of in Theorem 2.7 of [21] is more explicit than ours, but the generators given 
there can be derived from the puUback property of our Theorem 3.18 and Theorem 2.4 
of [21]. 

3.7 Real equivariant bordism tor G ^ Z/2 x x Z/2 

Theorem 3.18 fails to be true if G is not of the form Z/2 x ■ ■ ■ x Z/2. For the complex 
case Hanke shows that his theorem [11, Theorem 1] does not hold if G is not of the 
form X ■ ■ ■ X . He gives counterexamples for G = Z/n x Z/n and G = Z/n^ [11, 
Section 4]. In the real case the situation is similar. There are different ways Theorem 
3.18 can fail for G not of the form Z/2 x • • • x Z/2. 

Proposition 3.20 The homomoq}hism j<yi: ^^[A] ^^[A,V] from the Conner- 
Floyd exact sequence (see Section 2.5) is a monomorphism if and only G = (Z/2)*^ 
for some k. 

Together with Proposition 3.14 we immediately get the following. 

Corollary 3.21 The homomorphism cj)f}x: — )• MO^,[ey^ ,Yd^v] is a monomor- 
phism if and only if G = (Z/2)'' for some k. 

Proof of Proposition 3.20 Stong proves in [23, Proposition 14.2, p. 75] that the map 
: ^^VP] '^^{A^ is trivial if and only if G = (Z/2)'^ for some k. One direction 
is proved akeady in [22, Proposition 2]. Taking this together with the Conner-Floyd 
exact sequence of the pair {A, V) completes the proof. □ 

Stong provides an example of a non-zero element in that is mapped to zero by 
jijx. Using similar techniques as Hanke in [11], a counterexample can be constructed, 
proving for G = Z/4 that the map l o (j)f^Q : Mot^'^ — >■ MO^[ev, ey^ , Yd^y] fails to be 
injective. 
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